This paper is concerned with the problem of synthesis of (passive) mechanical one-port networks. One of the main contributions of the paper is the introduction of a device, which will be called the inerter, which is the true network dual of the spring. This contrasts with the mass element which, by definition, always has one terminal connected to ground. The inerter allows electrical circuits to be translated over to mechanical ones in a completely analogous way. The inerter need not have large mass. This allows any arbitrary positive real impedance to be synthesised mechanically using physical components which may be assumed to have small mass compared to other structures to which they may be attached. The possible application of the inerter is considered to a vibration absorption problem and a suspension strut design.
Introduction
There is a standard analogy between mechanical and electrical networks in which force (resp. velocity) corresponds to current (resp. voltage) and a fixed point in an inertial frame of reference corresponds to electrical ground 14, 101 . In this analogy, the spring (resp. damper, mass) corresponds to the inductor (resp. resistor, capacitor). It is well-known that the correspondence is perfect in the case of the spring and damper, but there is a restriction in the case of the mass. This restriction is due to the fact that the force-velocity E lationship satisfied by the mass, namely Newton's Second Law, relates the acceleration of the mass relative to a fixed point in the inertial frame. Effectively this means that one "terminal" of the mass is the ground and the other "terminal" is the position of the centre of mass itself [lo, p. 1111, [7, p. 1&5]. Clearly, in the electrical context, it is not required that one terminal of the capacitor is grounded. This means that an electrical circuit may not have a direct spring-mass-damper mechanical analogue.
There is a further drawback with the mass element as the analogue of the capacitor in the context of synthesis of mechanical impedances. Namety, it may be important to assume that the mechanical device associated 'This work w s supported in part by the EPSRC.
?Department of Engineering, University of Cambridge, Cambridge, CBZ IPZ, U.K. ernail: mcs0eng.cam.ac.uk with the "black-box impedance" to be designed has negligible mass compared to other masses in the system (cf. a suspension strut for a vehicle compared to the sprung and unsprungmasses). Clearly this presents a problem if (possibly) large masses may be required for its realisation.
It appears that the above two difficulties have prevented electrical circuit synthesis from being fully exploited for the synthesis of mechanical networks. It seems interesting to ask if these drawbacks are essential ones? It is the purpose of this paper to show that they are not. This will he achieved by introducing a mechanical circuit element, which will be called the anerter, which is a genuine two-terminal device equivalent to the electrical capacitor. The device is capable of simple realisation, and may be considered to have negligible mass and sufficient linear travel, for modelling purposes, as is commonly assumed for springs and dampers. The inerter allows classical results from electrical circuit synthesis to be carried over exactly to mechanical systems.
Two applications of the inerter idea will be presented. The first is a vibration absorption problem whose classical solution is a tuned spring-mass attached to the main body. It will be shown that the inerter offers an alternative approach which does not require additional elements to be mounted on the main body. The second application is a suspension strut design. Traditional struts employ springs and dampers only, which greatly restricts the available mechanical admittances. In particular, their phase characteristic is always l a g ging. A general class of third order admittances will be introduced which offers the possibility of improved performance in suspension systems. The procedures of Brune and Darlington will be employed to obtain network realisations of these admittances.
The approach used for the mechanical design problem in this paper owes a debt to the methods of modern control. Firstly, the problem are viewed as an interconnection between a given part of the system (analogous to the plant) and a part to be designed (analogous to the controller). Secondly, the part to be designed is a dynamical element whose admissibility is defined as broadly as possible-passive in the present case (stabilising for feedback control). The advantage of this viewpoint is that synthesis methods come into play, and that new solutions emerge which would otherwise be missed. A port is a pair of nodes (or terminals) in a mechanical system to which an equal and opposite force F is applied and which experience a relative velocity U. Alternatively, a velocity can be applied which results in a force. Figure 1 is a freebody diagram of a oneport (two-terminal) mechanical network which illustrates the sign convention whereby a positive F gives a compressive force and a positive ?J = v2 -VI corresponds to the nodes moving together. The product of F and U has units of power and we call (F, U) the forcevelocity pair. In general it is not necessary for either node in a port to be grounded.
The force-current (sometimes termed mobility) analogy between electrical and mechanical networks can be set up by means of the following correspondences:
The correspondence between mass and capacitor was omitted from the above due to the fact that one terminal of the mass element is mechanical ground, which means that the defining equation is analogous to that of the capacitor, hut is not as general. This is emhodied in the standard network symbol for the mass shown in Fig. ' 2 where the bracket and dashed line emphasise that v2 must he measured relative to a nonaccelerating (usually zero velocity) reference.
In this work we define impedance to be the ratio of . We define admittance to he the reciprocal of impedance. Naturally, such a definition is vacuous unless mechanical devices c m be constructed which approximate the behaviour of the ideal inerter. To be useful, such devices also need to satisfy certain practical conditions which we list as follows.
The Inerter

We define the (ideal) inerter to be a mechanical twonode (two-tenninal), one-port device with the property that the equal and opposite force applied at the nodes is proportional to the relative acceleration between the nodes. That is, F
R1.
R2.
R3.
R4.
The device should he capable of having a small mass, independent of the required value of inertance.
There should be no need to attach any point of the physical device to the mechanical ground.
The device should have a finite linear travel which is specifiable, and the device should he subject to reasonable constraints on its overall dimension.
The device should function adequately in any spatial orientation and motion.
Condition RZ is necessary if the inerter is to be incorporated in a freestanding device which may not easily be connected to a fixed point in an inertial frame, e.g. a suspension strut which is connected between a vehicle body and wheel hub. We mention that conditions of the above type hold for the ordinary spring and damper.
The above realisability conditions can indeed be satis fied by a mechanical device which is easy to construct. A simple approach is to take a plunger sliding in a cylinder which drives a flywheel through a rack, pinion and gears (see Fig. 3 ). Note that such a device does not have the limitation that one of the terminals he grounded, i.e. attached to a fixed point in an inertial frame. To approximately model the dynamics of the device of Fig. 3 , let 7'1 be the radius of the rack pinion, It is useful to discuss two references on mechanical networks, which give some hint towards the inerter idea, in order to highlight the new contribution here. We first mention [lo, p. 2341 which describes a procedure whereby an electrical circuit is first modified by the insertion of ideal oneto-one transformers so that all capacitors then have one terminal grounded. This then allows a mechanical circuit to be constructed with levers, which has similar dynamic properties to the electrical one while not being properly analogous from a circuit point of view. Condition R1 is not discussed in [lo] though it seems that this could be addressed by adjusting the transformer ratios to reduce the absolute values of the masses required (with transformers then being needed for all capacitors), however R3 might then he a problem. Another difficulty with this approach is with R2 since a pair of terminals of the transformer need to he connected to the mass and the ground.
Secondly we highlight the paper of Schonfeld [SI, which is principally concerned with the treatment of hydraulic systems as distinct from mechanical systems and the interpretation of acoustic systems as mixed mechanicalhydraulic systems, a work which appears to have been unfairly neglected. In connection with mechanicalelectrical analogies the possibility of a bi-terminal m e chanical inertance is mentioned. The idea is essentially to place a mass at the end of a lever, connected with links to the two terminals, while increasing the lever length and decreasing the value of mass arbitrarily but in fixed ratio [E, Fig. 12dl . Although this in principle deals with R1 and R2, there is a problem with R3 due to the large lever length required or the vanishing small available travel. A variant on this idea [S, Fig. 12ej has similar difficulties as well as a problem with R4. It is perhaps the obvious limitations of these devices that have prevented the observation from being developed or formalised.
A table of the circuit symbols of the six basic electrical and mechanical elements, with the newly introduced inerter replacing the mass, is shown in Fig. 4 . The symbol chosen for the inerter represents aflywheel.
Vibration Absorption
Suppose we wish to connect a mass M to a structure so that steady sinusoidal vibrations of the structure at a constant frequency WO do not disturb the mass.
The mass may be subjected to a force FL and the dis- [3] ).
An alternative approach based on the idea of the present paper would be to synthesise a mechanical admittance Q(s), to he connected directly between the mass M and the structure, with the property that the transfer function from 2 to x has a zero at s = jw,.
Such an approach was carried out in [12] and led to the solution shown in Fig. 6 . We remark that the new feature in this solution is the presence of the parallel combination of the inerter and spring. This is in fact a tuned linear oscillator with natural frequency of oscillation W O . In [U] it was shown that the dynamic response properties of the solution are broadly similar to the conventional one, but the inerter approach has a potential advantage in that there is no need to mount additional mass on M and to be concerned about possible limits of travel of this additional mass. [S, 6, 11, 131) consisting of the sprung mass m,, the unsprung mass mu and a tyre with spring stiffness kt.
The suspension strut provides an equal and opposite force on the sprung and unsprung masses and is assumed here to be a passive mechanical admittance Q(s) which has negligible mass. The equations of motion in the Laplace transformed domain are:
The most general mechanical admittance Q(s) (with positive static stiffness) using springs and one damper is given by: This paper has introduced the concept of the the ideal inerter, which is a tw&erminal mechanical element with the defining property that the relative acceleration between the two terminals is proportional to the force applied on the terminals. It was shown that the inerter is capable of simple realisation. The inerter completes the triple of basic mechanical network elements in a way that is advantageous for network synthesis.
A vibration absorption problem was considered as a possible application of the inerter. Rather than mounting a tuned spring-mass system on the machine that is to be protected from oscillation (conventional a p proach), a black-box mechanical admittance was designed to support the machine with a blocking zero on the imaginary axis at the appropriate frequency. A vehicle suspension strut design problem was considered as another possible application of the inerter. 
